NECESSARY AND SUFFICIENT CONDITIONS FOR SIMPLE Λ-BASES CARL SWENSON AND CALVIN LONG
Let A be a set of m distinct integers with m > 2 and Oei. It is shown that A possesses a simple Λ-base if and only if A is a complete residue system modulo m and the elements of A are relatively prime.
The notions of simple and non-simple A -bases, due to de Bruijn, are defined as follows. DEFINITION 1. Let A be as above. The integral sequence B = {b i } i^1 is called an v4-base for the set of integers provided that every integer n can be represented uniquely in the form r(n) Λ = X a t b i9 a i G A Vz.
i = l
If (with possible rearrangement) B can be written in the form B = {djjn'" 1 } z > x where the d t are integers, then it is called a simple ^4-base. The notion of an A -base was generalized by Long and Woo to that of an 2I-base where 9t = {A t } and each A t is a set of m i distinct integers with Oe^ and m ι > 2 for all /. The definition is as follows. DEFINITION 2. Let 3Ϊ be as above. The integral sequence B = {b i } i^.ι is called an 2l-base for the set of integers provided every integer n can be written uniquely in the form r(n) n = Σ <*ib i9 at e^,.Vi. De Bruijn has pointed out that it is not yet known for which A's there exist simple A -bases nor it is known for which v4's there exist non-simple A -bases. He gives several examples and then observes that if A has a simple A -base it is necessary that A form a complete residue system modulo m and that the elements of A be relatively prime. He also observes that it is necessary that (d i9 m) = 1 for all i.
Long and Woo have given several sets of sufficient conditions for both simple and non-simple A -bases and 2ί-bases, but no necessary and sufficient conditions.
In the present paper, we shown that the necessary conditions of de Bruijn for the existence of simple ^4-bases are also sufficient. Necessary and sufficient conditions for the existence of simple 9ί-bases are still lacking.
The results of de Bruijn noted above are contained in [1] and those of Long and Woo appear in [3] .
Before proving the main theorem a lemma will be needed. Proof, Of course, zero is trivially representable in the desired form. For n Φ 0, we distinguish two cases.
Since A is a complete residue system modulo m, there exists a ^ A such that n = a (modm). We set a x = a and denote the remaining elements of A by a 2 , a 3 ,..., a m . Since (n, m) = 1 and n = a x (mod m), it follows that (a l9 m) = 1. We now prove the main result. Now suppose that the elements of A are relatively prime and form a complete residue system modulo m. We must show that there exists an integral sequence {d i ) i^ι with {d t , m) = 1 for all / such that every integer n is uniquely representable in the form (8). Of course, 0 is trivially representable in the desired form. Also, by the lemma, 1 can be represented in the desired form and will, in fact, appear in the sum Note that S λ c 5 2 since Oe^ and also note that all members of S 2 are represented in the desired form. We now iterate with r 2 as the integer of least absolute value not in S^, and so on. In this way, we build our ^4-base step by step and it is clear that any particular integer n will be properly represented after at most 2\n\ steps. Since it is clear that such representations are unique, the proof is complete. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
THEOREM. Let A be a set of m distinct integers with 0 e A and m > 2. Then A has an A-base if and only if A is a complete residue system modulo m and the elements of
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